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Abstract: Effects of slip at boundary on velocity, 

temperature and concentration of nanofluid on the 

mixed convective boundary layer flow over a flat 

vertical plate are investigated. The governing partial 

differential equations are transformed into ordinary 
differential equations with in Similarity 

transformation. The nondimensional governing 

equations are solved numerically by MATLAB bvp4c. 

The results are presented for different values of 

governing parameters with concentration of 

nanofluid and hybrid nanofluid. The obtained results 

were with compared available results from the 

literature. The variation in nondimensional velocity 

and temperature profiles the slip parameter, 

concentration of nanofluid and mixed convection 

parameter were studied and presented graphically.   

 
Keywords: slip parameter, mixed convection 

parameter, nano fluid, hybrid nanofluid, 

concentration of nanofluid, MATLAB bvp4c. 

I. INTRODUCTION 

Nanofluids are a new class of fluids engineered by 

dispersing nano meter-sized materials (nanoparticles, 

nanofibers, nanotubes, nanowires, nanorods, 

nanosheet, or droplets) in base fluids. In other words, 

nanofluids are nanoscale colloidal suspensions 

containing condensed nanomaterials. They are two-

phase systems with one phase (solid phase) in 
another (liquid phase). Nano fluids have been found 

to possess enhanced thermophysical properties such 

as thermal conductivity, thermal diffusivity, viscosity, 

and convective heat transfer coefficients compared to 

those of base fluids like oil or water. It has 

demonstrated great potential applications 

in many fields. 

 

 In recent years, nanofluids have attracted 

more and more attention. The main driving force for 

nanofluids research lies in a wide range of 

applications. Although some review articles 

involving the progress of nanofluid investigation 

were published in the past several years [1-6] most of 

the reviews are concerned of the experimental and 

theoretical studies of the thermophysical properties or 

the convective heat transfer of nanofluids.  
 The thermal boundary due to heating or 

cooling of a vertical surfaces Has a large impact on 

flow and heat transfer characteristics. Convection 

heat transfer in the fluid flow is great significance 

from both theoretical and practical point of views 

because of its large application in many industrial 

application and other fields. 

 Blasius [7] first considered steady laminar 

boundary flow of viscous incompressible fluid over a 

flat plate. Howath [8] numerically studied various of 

the Blasius flat –plate flow problem. Combined 

forced and natural convection over a flat plate has 
been widely studied from both theoretical and 

experimental standpoint over the past few decades. 

The effect of a magnate field on free convection heat 

transfer on isothermal vertical plate was discussed by 

Sparrow and Cess [9]. Guptna[10] studied laminar 

free convection flow of an electrically conducting 

fluid past a vertical plate with uniform surface heat 

flux and variable wall temperature in presence of 

magnetic field. Afzal and Hussain[11] discussed the 

mixed convection over a horizontal plate. Yao [12] 

investigated the two dimensional mixed convection 
along a flat plate. Hossain and Takhar[13]  

determined the effect of radiation on mixed 

convection along a vertical plate with uniform free 

stream velocity and surface temperature. Aydin and 

Kaya[14] analysed the mixed convection  flow of a 

viscous dissipating fluid about a vertical flat plate.    

  The non adherence of the fluid to a solid 

boundary known as velocity slip, is a phenomenon 

that has been observed under certain circumstances. 

When fluid in microelectro mechanical system are 

encountered, the no slip condition at the solid -fluid       

Interface is abandoned in favour of a slip flow model 
which represents more accurately the non equilibrium 
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region near the interface. In all of the above 

mentioned investigations, the no slip condition at the 

boundary was assumed. Even in literature, the study 

of the slip flow over a flat plate is not sufficiently 

available. Martin and Boyd [15] considered the 

momentum and heat transfer in a laminar boundary 
layer flow over a flat plate with slip boundary 

condition. Cao and Baker [16] presented local non-

similar solutions to the boundary layer equations for 

mixed convection boundary layer stagnation point 

flow on a vertical isothermal plate. Also, velocity slip 

and thermal jump boundary conditions were 

considered in their problem. Harris et.al [17] studied 

the mixed convection boundary layer stagnation point 

flow on a vertical surface in a porous medium. 

Aziz[18] studied the boundary layer slip flow over a 

flat plate with constant heat flux condition at the 

surface and in this paper the local similarity 
considered with slip boundary conditions. Rohni et.al 

[19] investigated a numerical unsteady mixed 

convection boundary –layer flow near the two 

dimensional stagnation point permeable surface 

embedded is fluid saturated porous medium with 

thermal slip. Anderson [20] investigated the effect of 

slip boundary condition on the flow of Newtonian 

fluid due to a stretching sheet. Bhattcharyya [21] 

investigated effect of slip condition on vertical plate 

with mixed convection  

  Now, the objective of the present work is to 
investigate a numerical solution due to an steady 

mixed convection boundary layer flow and 

temperature profile velocity slip and temperature slip 

boundary condition with water, Al2O3 with different 

concentration and different oxide nanofluids Al2O3, 

TiO2, CuO, SiO2 ,at 200C. The nondimensional 

equations are solved with matlab code. The velocity 

and temperature profiles are compared with existing 

values of literature and presented graphically with 

conclusions. 

 

II. MATHEMATICAL FORMULATION OF 

THE PROBLEM: 

 Let us consider the steady two dimensional laminar 

mixed convective flow of a viscous incompressible 

fluid over a vertical plate. Using boundary layer 

approximation, the equations for the flow and the 

temperature are written usual notation as : 
𝝏𝒖

𝝏𝒙
+  

𝝏𝒗

𝝏𝒚
= 0    (1) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
=  𝜐

𝜕2𝑢

𝜕𝑦2 + 𝑔𝛽 𝑇 − 𝑇∞                (2)    

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
=  𝜐

𝜕2𝑢

𝜕𝑦2 + 𝑔𝛽 𝑇 − 𝑇∞                (3) 

where  𝑥 and y are axes along and perpendicular to 

the plate respectively ,u and v are velocity 

components in 𝑥–axis and y –directions respectively , 

𝜌 is the density  ,𝜇 is the viscosity ,𝜈 is the kinematic 

viscosity, 𝛽  is the volumetric coefficient of thermal 

expansion ,  𝑔  is the acceleration due to gravity, 𝑇 is 

the temperature ,𝑇∞  is the surrounding  free stream 

temperature ,𝑘 is the thermal conductivity of the fluid 

and 𝐶𝑝  is the specific heat of the fluid respectively.  

 The appropriate boundary conditions for the 

velocity and velocity component with velocity slip 

and temperature with thermal slip are given by  

 𝑢 =  𝐿1  
𝜕𝑢

𝜕𝑦
 , 𝑣 = 0 𝑎𝑡 𝑦 = 0            𝑢 →

𝑈∞𝑎𝑠 𝑦 → ∞                                                            (4) 

and     

  𝑇 =  𝑇𝑤 + 𝐷1  
𝜕𝑇

𝜕𝑦   𝑎𝑡  

 𝑦 = 0;𝑇 → 𝑇∞ 𝑎𝑠 𝑦 → ∞                                  (5) 

here 𝐿1 = 𝐿 𝑅𝑒𝑥 
1/2  is the velocity slip factor and 

𝐷1 = 𝐷 𝑅𝑒𝑥 
1/2   is the thermal slip factor with L and 

D being the initial values of velocity and thermal slip 

factors having same dimensions of length and 𝑅𝑒𝑥   

being the local Reynolds number and  𝑅𝑒𝑥 = 𝑈∞𝑥 𝜈 , 

𝑈∞   is the free stream velocity  𝑇𝑤 =  𝑇∞ + 𝑇0 𝑥  is 

the variable temperature of the plate and 𝑇0  is 

constant that measures the rate of temperature 

increase along the plate. 

 The following similarity transformation are 

introduced to nondimensionalized the governing 

equatio𝜓 =   𝑈∞𝜈𝑥𝑓 𝑥 , 𝑇 =  𝑇∞ +  𝑇𝑤 − 𝑇∞ 𝜃 𝜂  , 

and 𝜂 = 𝑦 𝑈∞ 𝜈𝑥  where 𝜓 is the stream function 

defined in the usual notation as 𝑢 =  𝜕𝜓 𝜕𝑦  and 

𝜈 = −𝜕𝜓 𝜕𝑥  and 𝜂 is the similarity variable. 

            𝑓′′′ +
1

2
 𝑓𝑓′′ + 𝜆𝜃 = 0                           (6) 

      𝜃 ′′ + 𝑃𝑟  
1

2
 𝑓𝜃 ′ + 𝑓′𝜃 = 0                           (7) 

Where 𝜆 =  𝑔𝛽𝑇0 𝑈∞
2  is the mixed convection 

parameter and Pr =  𝜇𝐶𝑝 𝑘  is the Prandtl number. 

The boundary conditions (4) and (5) reduce to the 

following forms 

𝑓 𝜂 = 0, 𝑓′ 𝜂 = 𝜉𝑓′′ 𝜂 𝑎𝑡 𝜂 = 0; 𝑓′ 𝜂 →
1 𝑎𝑠 𝜂 → ∞                      (8) 

𝜃 𝜂 = 1 + 𝛽𝜃 ′ 𝜂   𝑎𝑡 
 𝜂 = 0; 𝜃 𝜂 → 0   𝑎𝑠  𝜂 → ∞                          (9) 

Where 𝛿 = 𝐿𝑈∞ /𝜈the velocity is slip parameter and 

𝛽 = 𝐷𝑈∞/𝜈 is the thermal slip parameter. 

 

III. EVALUATION OF THERMO PHYSICAL 

PROPERTIES OF NANOFLUID 

 Metal and metallic oxide nanoparticles when 
dispersed in small quantities in a base liquid such as 

water, ethylene glycol, etc are observed to possess 

higher values of thermal conductivity compared to 

base liquid. Experiments conducted by Choi [22] 

with Carbon Nano Tubes (CNT) in engine oil at 1.0% 

volume concentration, obtained thermal conductivity 

enhancement of 160% of the base liquid value. The 

determination of thermo-physical properties of metal 

nanoparticles like Cu and metal oxides such as 

Al2O3, TiO2, CuO, SiO2, etc in different base fluids 

and the parameters influencing them is undertaken by 
various investigators The well known theoretical 

models of Maxwell [23] and Hamilton and Crosser 

[24] predicted lower values of thermal conductivity 

compared to experimental observations at higher 
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temperatures. Hence experimental determination of 

thermal conductivity of various nanofluids is 

undertaken as the theoretical models are still pursued. 

It is fairly established that the thermal conductivity 

and viscosity of nanofluids is influenced by 

concentration and temperature. The influence of 
particle size on the properties has not been 

considered in the development of regression 

equations by these investigators.  

 The thermal conductivity and viscosity of 

various nanofluids are determined experimentally at 

different particle sizes, temperatures and 

concentration by many[25- 32] . Experiments for the 

estimation of nanofluid convective heat transfer 

coefficients are undertaken with particle size in the 

range of 20 to 170nm, temperature range of 20-700C, 

volume concentration of less than 4.0% with Al2O3, 

Cu, CuO, SiC,TiO2, ZrO2, etc nanoparticles 
dispersed in water. The viscosity and thermal 

conductivity data of metal and their oxide 

nanoparticles dispersed in water and available in 

literature is used in the development of regression 

equations. The nanofluid density and specific heat are 

determined using the mixture relations given by 

 

A. DENSITY, 𝝆𝒏𝒇 

Applying the principle of mass conservation of the 

two species in a finite control volume of the nano 

fluid, the nanofluid density can be obtained from the 

relation  

𝜌𝑛𝑓 = ∅𝜌𝑃 + (1 − ∅)𝜌𝑤            

    (10) 

where is the volumetric fraction of nano particles in 

the base fluid.  
 

B. SPECIFIC HEAT, 𝑪𝒑𝒏𝒇
 

The thermal conservation of energy of the two 

species in a finite control volume will yield the 

overall 

𝐶𝑝𝑛𝑓 =  
 1−∅  𝐶𝑝  𝑤

+∅ 𝜌𝐶𝑝  𝑤
 1−∅ 𝜌𝑤+∅𝜌𝑝

          (11    

The bulk material properties listed in are used in the 

development of regression equations for density and 

specific heat. Vajjha and Das [33]considered specific 

heat ratio to be dependent on concentration and bulk 

temperature in the development of regression 

equation. Hence equations applicable for metal and 

their oxide nanoparticles dispersed in water are 

𝜌𝑛𝑓 =  𝜌𝑤 (0.9973 + 0.03479𝜙 + 0.0000619𝑇𝑏)  

       (12) 

𝐶𝑝𝑛𝑓 =  𝐶𝑝𝑤 (1.036 − 0.0298𝜙 − 0.001037𝑇𝑏)    

                      (13) 

with an average deviation of less than 3.7% where 𝜙 

is in percent and Tb in 
o 

C. Nguyen et al. [34] 

conducted experiments for the determination of 
viscosity of Al2O3 and CuO nanofluids in water at 

different concentrations and particle sizes in the 

ambient temperatures of 22 and 25oC. Experiments 

revealed the viscosity of Al2O3 with particle sizes of 

36 and 47nm and that of CuO with 29nm size 

predicted close values for volume concentration less 

than 4%. The dependence of viscosity ratio on 

concentration and particle diameter by Sarit et al. 

[35] and specific heat ratio on concentration and bulk 

temperature by Vajjha and Das [33] has been 
considered in the development of regression 

equations. Based on these observations, it is can be 

stated that viscosity and thermal conductivity of 

nanofluids are influenced by volume concentration, 

temperature and particle size. Hence, the available 

experimental data in literature for a maximum 

temperature of Tmax = 700 C and particle size of dmax = 

50 nm is used to develop regression equation valid 

for various metals and their oxide nanoparticles 

dispersed in water 

𝑘𝑛𝑓 =  𝑘𝑤 (0.9808 + 0.0142𝜙 + 0.003883𝑇𝑏 −

0.00068𝑑𝑝)     (13) 

𝜇𝑛𝑓 =  𝜇𝑤 (0.9042 + 0.1245𝜙 + 0.0043𝑑𝑝 −

0.0001206𝑇𝑏)           (14) 

 for 0 ≤ ∅ ≤ 3.7  , 20 ≤ 𝑇𝑏 ≤  70, , 20≤ 𝑑𝑝  ≤150  

with a maximum deviation of less than 10% where∅ 

is in percent, Tb in 0C and dp in nm.  Yurong He et al. 

[31] observed the shear viscosity to increase and 

thermal conductivity to decrease with particle size.  

 

IV. NUMERICAL SOLUTION 

 

 The nonlinear coupled differential Eqs.(7) to 
(8) along with the boundary conditions (9) and (10) 

from a two point boundary  values problem (BVP) 

and are solved using  MATLAV bvp4c  code. Bu 

converting into an initial value problem (IVP).In this 

method it is necessary to choose a suitable finite 

value of 𝜂 → ∞ , say 𝜂∞  .The following first order 

system  is considered. 

𝑓 = 𝑦(1) , 𝑓′ = 𝑦(2)  ,  𝑓′′′ = 𝑦(3) ,𝜃 = 𝑦(4),  

𝜃′ = 𝑦(5)       (17)     
The following set of first order equation are 

considered  with the boundary conditions. 

𝑦 2 , 𝑦 3 ,−  
1

2
 𝑦 1 𝑦 2 −

𝜆𝑦 4 , 𝑦 5 , −Pr  
1

2
 𝑦 1 𝑦 5 + 𝑦 2 𝑦(4)       (18) 

The set of first order differential equations are solved 

with bvp4c code for different values of concentration 

of nanofluid, mixed convection parameter, velocity 

and temperature slip boundary for different nanofluid 

and compared results of non dimensional velocity 

and temperature with out and with slip condition. 
 

V. RESULTS AND DISCUSSION: The numerical 

computations are executed for several values of 

dimensionless parameter involved in the equations 

viz. the mixed convection parameter  𝜆 ,the velocity 

slip parameter (𝛿) , the thermal slip parameter (𝛽) 

and Prandtl number (𝑃𝑟) for different concentration 

of nanofluid and different oxide Nanofluid  Al203, 

SiO2, ZnO, CuO. To illustrate the computed results, 
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some figure are plotted and physical explanations are 

given. 

                                  Initially to assure the accuracy 

of applied numerical method we compared our 

derived results corresponding to the velocity and 

shear stress profiles for forced convection for no slip 

condition at the boundary (i.e for ( 𝜆 = 0, 𝛿 = 0, 𝛽 =
0)  with given results of Howarth [2] in Fig .1  and 

these are found in excellent agreement. 

 The variation of the dimensional less 

velocity, shear stress and temperature profiles for 

different values of the mixed convection parameter 𝜆 

in with and without slip at the boundary for Al2O3 

nanofluid are presented in figs 2 and fig 3. Fig4.0 

reports the variation of shear stress for Al2O3 
nanofluid for different concentration with mixed 

convection parameter 𝜆 = 0.2, 𝛽 = 0.1, 𝛿 = 0.2. The 

slope of the shear stress is increased by concentration 

of nanofluid. 

Figure 5.0& Figure 6.0 represents the velocity 

profiles and temperature profiles  with out mixed 

convection parameter for different  oxide nanofluids 

variation with nondimensional distance. There is 

minute variation in velocity profile compare than 

temperature due to the effect of Prandtl number. The 

temperature gradient are increases with increasing the 
value of Prandtl number. 

Figure 7.0 represents the variation nondimensional 

temperature with different values of mixed 𝛽, 𝛾, 𝛿 for 

water at the Pr = 4.34 .The slope of temperature 

profiles are increasing with increasing the mixed 

convection parameter and slip parameters. Fig 8.0, 

fig 9.0 and Fig 10 represent the variation of shear 

stress with nondimensional distance for water and 

different nanofluids with and without mixed 

convection parameters and slip parameters. The stress 
is increases with increasing the Prandtl number and 

also increases with slip boundary condition 

 

Fig 2.0  variation of velocity profiles with effect of            

Concentration of nanofluid  for 𝝀 = 𝟎. 𝟐, 𝜹 = 𝟎.𝟏,𝜷 =. 𝟐 
 

  

  
 

Fig 1.0 Velocity profile  𝒇′ 𝜼  and shear stress 

profiles 𝒇′ ′ 𝜼  for  𝝀 = 𝟎, 𝜹 = 𝟎, 𝜷 = 𝟎 

 
 

Fig.3.0 Temperature profiles with effect of 

concentration and  mixed convection parameter 

and slip boundary conditions 
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Fig 4.0  shear stress profiles with slip boundary and 

mixed convection parameter for Al2O3 at different 

concentration 

 

 
Fig 6.0  variation of nondimensional temperature 

profiles without mixed convection parameter with slip 

boundary conditions for different nanofluids 

   

 

 
 

Fig 8.0 variation of shear stress with and without 

mixed convection parameter for water with different 

velocity and temperature slip 

 
 

Fig 5.0 variation of velocity profiles without mixed 

convection parameter with boundary conditions for 

different nanofluids 

Fig7.0 variation of nondimensional temperature 

profiles with different nanofluid at with mixed 

convection parameter 
 
 

 
 

 
Fig 9.0 variation of shear stress with mixed  convection 

parameter for water at different values of  𝜷,𝜹 
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Fig 10.0 variation of shear stress with different nano 

fluid at 𝜷 = 𝟎. 𝟒,𝜸 = 𝟎. 𝟒,𝜹 = 𝟎.𝟒. 
 

VI. CONCLUSIONS 

 A numerical study on mixed convection 

over a vertical flat plate with velocity slip and 

temperature slip at the boundary with water and 

different oxide nanofluids is presented. The 

similarity variable and the self similarity equations 

corresponding to momentum and energy equations 

are solved with the help of matlab numerical 

solution. The parameters such as mixed convection, 

velocity slip, temperature slip and concentration of 

nanofluid involved in this study significantly affect 

the flow and heat transfer. The following 
conclusions can be noted as a result of the 

computations.  

(i)   due to mixed convection parameter the velocity 

increases and the temperature profile are decreasing 

(ii)  the velocity shows the increasing and decreasing  

in its nature before and after a point as the velocity   

       slip increases and the thermal boundary layer 

thickness becomes  thinner for velocity slip. 

(iii)  the increase in Prandtl number reduces the 

velocity along the plate as well as the temperature. 

(iv)  velocity and temperature are found to increase 
with the increasing thermal slip parameter 

(v)  The velocity and temperature are found to be 

increasing with concentration of nanofluid of 

Al2O3and   the Prandtl of number of oxide nanofluid 
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